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A B S T R A C T

Available models of dynamic recrystallization have a number of disadvantages that in most cases make them
inapplicable for practical predictions of material microstructure evolution. Both the microstructural and the
empirically based approaches do not reflect physical processes leading to evolution of material defect structure
in the process of plastic deformation. This work presents an attempt to develop a consistent physically-based
model of dynamic recrystallization. This model, accounting for physical nature of processes of material defect
structure evolution, should provide a possibility to predict evolution of several different experimentally mea-
surable parameters of material microstructure without introduction of big number of fitting parameters. It is
suggested that such a model should be based on equation for evolution of fraction of high-angle grain boundaries
(HAGBs) in the process of deformation. It is shown, that the new model gives a possibility to predict the evo-
lution of dislocation cells and grain boundaries in copper-based alloys providing good coincidence with ex-
perimental observations. Full 3-dimensional numerical simulation of multidirectional forging of copper is per-
formed utilizing the developed dynamic recrystallization model. The same 3D simulations demonstrate new
noteworthy effects connected to inhomogeneous distribution of plastic strain within the bulk of the material and
material strain hardening.

1. Introduction

Experimental investigations of severe plastic deformation (SPD) of
different metals [1–10] show that changes obtained by different ele-
ments of material macrostructure in the process of deformation are non-
monotonous and are dependent on the whole set of external factors.
Among the most significant properties of microstructure modified in the
process of deformation one can distinguish scalar density of dislocations
inside cells and in the cell walls [1,2,4,5], average size of dislocation
cells, average grain size, dispersion of grain size distribution, aspect
ratio (geometrical property characterizing grain shape) of individual
grains [1,2] and fraction of high angle grain boundaries (HAGBs) with
misorientation angles exceeding 15° [1,2]. Some of these parameters,
such as scalar density of mobile/immobile dislocations [8], average
grain size and fraction of HAGBs are dynamically interconnected.

All of these parameters can be registered by a precise appraisal of
microstructure, obtained by the processed metallic sample after each
pass of multidirectional forging (MDF) [1,2], accumulative roll bonding
(ARB) [1,3,6], high pressure torsion (HPT) [3,6,11,12] or equal-
channel angular pressing (ECAP) [3,6,12], being the most common

SPD-processes. A significant number of known works is devoted to in-
vestigation of the influence of parameters of microstructure on micro-
hardness, yield stress, strength, ultimate fracture strain and other me-
chanical parameters of metallic materials [1,3,7,9,12,13]. It is notable
that when analysing mechanical properties of the processed materials it
can be observed that different SPD processes often result in very similar
changes of mechanical properties for the same accumulated strain,
differing only in details [1,14]. Nevertheless, these details can be es-
sential for other material properties, such as conductivity [3,9,15],
stability of the received microstructure and diffusive properties [3].
Besides, different SPD methods result in a different degree of spatial
inhomogeneity of the resulting microstructure. The simplest and hence
the most convenient for analysis are SPD processes of multidirectional
forging (MDF) and accumulative roll bonding, implementing essentially
the same modes of shear deformation. In [1,2] A. Belyakov et al. ana-
lysed dynamic recrystallization in copper and steels subjected to a
different number of MDF passes. For precise analysis of the dislocation
structure appearing in the material, both the X-ray diffraction (XRD)
and the electron backscatter diffraction (EBSD) methods [16] were
used. Such an analysis provides a possibility to give an adequate
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estimation of scalar density of dislocations in the centre of a dislocation
cell/grain (in the present work these dislocations will be referred to as
mobile dislocations) as well as in boundaries (these dislocations will be
referred to as immobile (or locked) dislocations). In some works (ex.
[1]) an average size of a dislocation cell and an average size of a grain
are measured independently. In these works, the received size of dis-
location cell is always less as compared to the average size of a grain.
Having a number of different measurable parameters of material mi-
crostructure evolving in the process of deformation, it is natural to raise
a question about the role of each individual parameter for the dynamic
recrystallization of material. The scheme presented in [17] makes it
possible to describe all the main stages of dynamic recrystallization, but
the mechanism of transformation of low angle boundaries of subgrains
into high angle boundaries of grains remains unclear. A significant role
of existing stress concentrators for this process is evident.

On the other hand, from mechanical point of view, two main issues
arise in connection with SPD technologies: (i) a possibility to control all
the above mentioned microstructural parameters by the process of
plastic deformation and (ii) the degree of influence of each of the
parameters on the resulting mechanical properties of the material. To
date, the latter question is studied to a much better extent [3,9,13]. In
order to understand microstructural processes, discover possibilities to
control these processes and grasp the limitations imposed by these
processes on maximum achievable material properties there is a need
for development of new physical models of plastic deformation. These
models should explicitly incorporate the above-mentioned parameters
of microstructure as model variables. Plasticity models available to date
[18,19] are not able to reflect neither the diversity of elements of mi-
crostructure evolving in the process of deformation nor the dynamical
nature of different transient processes provided by varied process rates.
In recent publications [20,21] the authors present 3D FEM simulation
of SPD utilizing interesting rheological models. In [21] the authors
observe an interesting regime of strain localization by formation of
shear bands during ECAP. The most prominent models of dislocation
plasticity widely used for simulation of different SPD processes [23–26]
were proposed by Y. Estrin et al. [5]. A very peculiar modification of
the model [5,6] has been recently proposed in [22]. The modification
makes the model more accurate, taking into account strain rate de-
pendence and correcting several imperfections in the initial system of
equation. In a number of works the authors simulate evolution of dis-
location density in a whole volume of a sample subjected to ECAP
process (ex. [23]). Within the framework of these models, it is possible
to receive realistic estimations of distributions of dislocation densities
within the material as well as estimations of average grain size. Simu-
lations utilizing these models provide significantly more information as
compared to purely mechanical simulations using von Mises type lim-
iting condition as a plasticity model [27–29]. Among disadvantages of
the approaches originating from [5], one can mention a big number of
fitting parameters that do not have a clear physical interpretation and
no robust method of experimental evaluation. Another deficiency is a
disability to predict evolution of the rest of the above-mentioned
parameters of material microstructure.

Based on the approach presented in [30], the paper presents an
attempt to establish consistent relationships between different pro-
cesses associated with evolution of microstructure in metals subjected
to SPD. It is particularly noteworthy that simulations utilizing the
presented approach provide a possibility to predict scalar density of
mobile and immobile dislocations, average size of dislocation cells,
average grain size, grain aspect ratio, grain sizes, HAGBs fraction as
well as the distribution of these parameters within the bulk of the
processed material. The same model gives a possibility to account for
the effect of strain hardening on the process of deformation.

2. Models Predicting the Evolution of Material Defect
Substructure in the Process of SPD

2.1. Models of Dislocation Plasticity

Within the framework of classical model scalar dislocation density
as a function of strain ε is given by [31,32]:ρD

′ = + ⋅ − ⋅ρ ε C A ρ ε B ρ ε( ) ( ) ( ),D D D (1)

where the first two terms C~δ0σy0/Gb2 and A~δf/b are responsible for
dislocation density increase as a result of nucleation on dislocation
forest and inclusions and the last term B= kα stands for annihilation of
dislocation pairs. Here G is the material shear modulus, b is the Burgers
vector, σy0 is the yielding limiting stress for dislocation free annealed
material. Model parameters, δf and kαare, in essence, fitting parameters
that should be evaluated empirically. For the case of C=0 the equation
is transformed into one of the variations of the classical “logistic” dif-
ferential equation predicting the increase of population with the fol-
lowing saturation to limiting density given by: ρDmax= (δf/kαd)2. A
solution of the logistic equation has an exponential form with respect to
deformation:
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where ρD0 is the initial dislocation density in the deformed material. In
this case Eq. (1) can be rewritten as:
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Obviously, the model can easily be enriched with additional sources
and sinks of dislocations. For example, one can account for annihilation
of dislocations at grain boundaries of fine-grained material [25,33]. The
central problem here is connected to the evaluation of coefficients for
this equation and their dependency on temperature and other state
variables. For averaged description of processes within the dislocation
subsystem, an energy-based approach can be used. In [32] it is con-
sidered that parameters for model Eq. (1) can be presented as
δf= αηGb3/εL, δ0= δfα−1, where α~0.5 is the Taylor constant [31,34],
εL=8eV/b is the elastic energy of dislocation unit length [33,34],
η~0.1 is the fraction of work of plastic deformation stored in the form
of defects [32]. For small strains, by various estimates [35,36] this
value should be around 10%. For higher strains the value of η is reduced
by several times [36]. Using these parameters, it is possible to receive
estimations for logistic equation type kinetic model parameters [32]
δf~0.01 and δ0~0.02. These values are normally utilized for simula-
tions employing the classical model [31]. Dependencies of dislocation
annihilation coefficients on temperature T and other state variables
were received in a number of papers. Here one can mention the works
of Galindo-Nava [37], where the annihilation coefficient is presented
as:
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Other equations for kα were received by A. Vinogradov [38] and
G.A. Malygin [31]. The definite form for (4) is given by G(T), that, for
different approximations, can have linear (or quadratic for kα) de-
pendency on temperature, as discussed in [39]. In [37] G(T) is given as
an exponential function of temperature:

= ⋅ − ⋅G T Exp T( ) (4.74 10 ) [ 3.97 10 ].4 4 (5)
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where ΔG is the free Gibbs energy, VD is the average dislocation velo-
city, kb is the Boltzmann constant and ν0 is the Debye frequency. Unlike
previous papers, in [40] for aluminium kα is given as a quadratic
function of temperature. Another important parameter of the model is
the static yielding limit of material σy0. Material yield limit has the
meaning of barrier stress that should be exceeded in order to initiate
dislocation sliding. Its temperature dependency for copper can be pre-
sented as [37]:

= + ⋅ − ⋅− −σ T T T( ) 73.21 (3.5 10 ) (1.33 10 ) .y
3 5 2 (7)

Obviously, for moderate temperatures the previous dependencies
will not significantly affect the process of deformation of a copper
sample. At the same time, for fine-grained materials, dependencies of
yield limit on dislocation density and grain size are essential. The
change of the yield stress in the process of deformation can be predicted
using the Taylor law and the Hall–Petch empirical relationship [41]:

= + +σ σ a Gb ρ K d/ ,y D D
0 0

0 HP (8)

where σD0 is conditional to the Peierls stress, impurities and all the
other factors not connected with dislocations or grain boundaries. Here
a0= 0.4 is the Taylor constant and KHP= 0.1 ± 0.06 MPa m1/2 is the
Hall–Petch constant for copper [42].

As discussed in [30] and confirmed by utilization of (1) in a number
of succeeding papers [43,44], the approach based on Eqs. (1)–(7) is
sufficient and “generally” suitable for modeling of intensive plastic
deformation. At the same time Eq. (1), obviously, does not reflect many
of the significant microstructural features of the process of plastic de-
formation. These non-reflected features do also have significant effect
on mechanical deformation of the sample. First of all, this regards the
arrest of moving dislocations and the formation of “dislocation forest”
which, in other words, is the separation of dislocations into mobile and
immobile dislocations (or, using different terminology, statically stored
and geometrically necessary dislocations). With some variations, such a
separation was performed in several models [4–6,34]. An approach
presented in [4–6], and with modifications utilized in a big number of
works [25,26,40,45,46] explicitly separates the material volume into
two subdomains representing interiors of material dislocation cells and
dislocation cell boundaries (the fraction of which increases with time as
a consequence of localized dislocation arrest). Densities of dislocations
existing in these two subdomains are treated separately. The key
parameter for this model is the volume fraction of material representing
grain boundaries. The thickness of cell boundaries and, consequently,
the volume fraction of cell walls is assumed to be increasing with time.

Coefficients of annihilation for dislocations localized in either of two
subdomains are usually taken to be the same [4]. It should also be noted
that this model predicts monotonous growth of mobile dislocation
density, which is in contradiction to a number of available experimental
data [1,2,25].

In [34] similarly to [5,6], it is supposed that the full dislocation
density can be received as a sum of densities of mobile ρDmob and im-
mobile ρDim dislocations. At the same time, in [5,6] it is supposed that
cell (or mobile) and cell-wall (or immobile) dislocations are separated
in space, occupying different fractions of volume, and these fractions
can change in the process of deformation. Unlike [5,6], in [34] it is
supposed that both dislocation types (mobile and immobile) are uni-
formly distributed within the same volume. This fact significantly
simplifies the model. In [34] equations for high rates of deformation
were proposed. In [32] authors reveal interconnection between en-
ergetic coefficients used to predict dislocation nucleation and coeffi-
cients of Eq. (1). For small rates of deformation, evolution of dislocation
densities (taking into account the Orowan equation =ε ρ b V̇ | |plast D

mob
D

for plastic strain rate) is given by the following kinetic equations [30]:
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Here kg= η/εLb is the coefficient responsible for dislocation gen-
eration [32,33]. Here, similarly to [5,6] the second component (im-
mobile dislocations) is formed by “settling” of the dislocations of the
first group (mobile dislocations), which are initiated at obstacles fol-
lowing one of the possible nucleation mechanisms. Unlike model [5,6],
in [34] for the second component (immobile dislocations) there is no
generation of new dislocations due to existing immobile dislocations.
This is the result of the fact that these dislocations are “immobile” (i.e.
not moving) and generation of new dislocations following any of the
known mechanisms requires motion of existing dislocations. It can be
noted that overwhelming majority of these dislocations should be lo-
cated in a vicinity of grain boundaries or within dislocation forest.

The received dependencies (see Fig. 1a) are compared to results of
several different experimental measurements [2,18,25,48]. For the used
values of model parameters (first of all, the immobilization rate) the
two dislocation densities are not substantially different. It is remarkable
that the mobile dislocation density has a marked maximum for the

Fig. 1. The scalar density of mobile and immobile dislocations in the process of SPD as a function of accumulated strain. Points correspond to experimental
measurements presented in [2,18,22,46].
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values of deformation close to 1. This stage of deformation correlates
with the stage of active comminution of material sub-grain structure
(e.g. see Fig. 5) when the fine-grained structure is yet not fully formed
and an active generation of new dislocations within grains is ongoing.
Such a maximum was observed experimentally for copper subjected to
HPT in [47].

Besides the maximum discussed above, in experiments [2,25,47]
another local maximum of dislocation density is observed for accu-
mulated strain equal to 2–4. This maximum can be explained not by a
formation of dislocation structure, but by a formation of grain structure
within the deformed material. It is necessary to account for an addi-
tional sink of dislocations into grain boundaries and decrease of dis-
location density due to transformation of cell walls into grain bound-
aries. The influence of these processes is of a special importance for
deformations in the range between 1 and 3 when intensive dynamic
recrystallization is taking place and multiple cells are transforming into
grains. Additional sink for mobile dislocations, accounting for this
process can be included into Eq. (9) similarly to [49], where it was
employed for description of fine-grained materials:

=−ρ ρ V d/ .D D D
( ) (10)

Subtracting ρD(−) given by Eq. (10) from the first of Eq. (9) will
account for the additional dislocation sink. Obviously, the magnitude of
this term will strongly depend on the material grain size.

Fig.1b shows the results of modeling while accounting for that ad-
ditional dislocation sink. Accounting for dislocation sink at grain
boundaries leads to a possibility of dynamic equilibrium between dis-
locations generated within grains and their annihilation at grain
boundaries for large strains (Fig. 1b) (and resulting decrease of average
grain size compared to Fig.1a). In [25] a similar dislocation drain is
introduced, describing the dissolution of dislocations in grain bound-
aries for materials subjected to ECAP process. An additional term ac-
counts a probability of this dissolution (about 30% as estimated by the
authors). Such a modification gives a possibility to enrich the utilized
plasticity model [5,6] and achieve a correct prediction of existing ex-
perimental curves.

It should be noted here that a comparison of theory to experimental
observations is not a trivial question since the quantities measured in
experiments using electron microscopy or X-ray structural analysis only
partially correspond to the variables used in numerical simulations.
Thus, the density of dislocations registered at the grain interiors should
only nominally correspond to the density of mobile dislocations. At the
same time, these two values follow similar kinetic laws and therefore
should have at least the same order of magnitude. Explicit separation of
the total density of dislocations into density of mobile and immobile
dislocations gives a possibility for a natural account of the dynamic,
non-equilibrium nature of the evolution of material defect substructure
in the process of deformation. In particular, this provides a possibility to
propose a model of dynamic recrystallization, explicitly taking into
account the degree of deviation of the system state from equilibrium.

2.2. Size of Dislocation Cells

It was shown experimentally that a whole set of various dislocation
substructures can be implemented within plastically deformed material.
In some cases, these substructures may succeed each other at different
stages of plastic deformation [50]. Wherein, for the late stages of de-
formation, corresponding to severe plastic deformation, it is customary
to consider dislocation cell as the basic structure observable in the
material at the mesoscale level [1]. The size of dislocation cells can be
estimated from energetic reasoning [51]. If one compares energy of a
group of dislocations homogeneously distributed in a unity of volume
and the energy of dislocations (per unit volume) within the walls of
dislocation cells [52], it will be found that above some definite dis-
location density, it is energetically favourable to form dislocation cells,

rather than maintain homogeneous distribution of dislocations.
Searching for equality of energies of homogeneous distribution and the
cell dislocation structure, critical dislocation density leading to cell
formation can be found [51] ρD∗=(3e/8d)2, here e~2.71. Thus, dis-
location cell diameter as a function of dislocation density can be re-
ceived as:

= −D βρ .D
1/2 (11)

Here β is a coefficient of the order of 1 that is dependent on dis-
location cell geometry. Obviously, so far, the scalar density of dis-
locations has a meaning of full length of dislocation lines per unit vo-
lume (having a dimension of m−2 or cm−2), Eq. (4) with β=1 is valid
to predict distance between dislocations assuming uniform spatial dis-
tribution of dislocations in the material volume. It can be shown [51],
that for elliptical cells β~1, for spherical cells β=2.6. At the same
time, this dependency does not give a possibility to establish inter-
connection between the size of a dislocation cell and the size of grain
structure formed within the material in the process of deformation.
Experimentally observed sizes of both the grains and the cells appear to
be an order of magnitude larger as compared to values predicted by
(11) with β~1. In order to describe the dynamic recrystallization curve,
β should attain values of at least 20–30 [4,6] and be reduced by the
factor of 4–5 with the reduction of grain size from tens of micrometres
to hundreds of nanometres [53]. This fact makes Eq. (11) practically
inapplicable for prediction of dynamic recrystallization. At the same
time, this equation apparently can give an adequate description for
evolution of dislocation cell network.

In [37] an equation for calculation of coefficient β from (11) in-
cluding its temperature dependence was proposed:
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l0 is the statistical entropy [54], νl= νDExp

(−Em/RT) is the vacancy migration frequency with νD~1013s−1 being
the Debye frequency, R being the gas constant and Em=87kJ/mol
being the vacancy migration energy, ε ̇ is the deformation rate of the
material, =ε bc ρ̇ s Y0 is related to the sound velocity cs=3810m/s and
ρY is the dislocation density consistent with the yield point [55]. For
typical parameter values this expression yields β~11.

Understanding the transformation of dislocation cell walls (having
significant widths and low angles of misorientation between neigh-
boring cells) into grain boundaries (with widths of the order of nan-
ometer and misorientation angles exceeding limiting value achievable
for any dislocation structure) is one of the important unsolved funda-
mental problems of contemporary material science. Dynamic re-
crystallization in the process of severe plastic deformation has been
studied by several authors [1,17]. It is obvious that at some point of
time a local transformation of dislocation cells into a low-angle grain
boundary takes place. It can be assumed that this process is determined
by non-equilibrium state of cell boundaries affected by intensive anni-
hilation of dislocations pairs (due to their migration) and immobiliza-
tion of the new lattice dislocations. Experimental observations [17]
testify the significant influence of these processes on dynamic re-
crystallization. Besides that, another important factor affecting dynamic
recrystallization is the effect of stress concentration at cell boundary
triple junctions (TJs). Taking into account both of these factors it is
possible to propose a non-equilibrium model of dynamic recrystalliza-
tion, having the fraction of non-equilibrium grain boundaries and the
state of grain boundary triple junctions as the main model variables.

2.3. Non-equilibrium Model of Dynamic Recrystallization

Experimental studies of dynamic recrystallization of various mate-
rials are presented in a sufficiently large number of works
[10,17,18,47,56] including a number of reviews [1,9,12,13] on the
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topic. The development of experimental methods, in particular HR
(High Resolution) TEM-microscopy makes it possible to investigate the
evolution of the microstructure of metals at different stages of plastic
deformation in every detail. Traditionally, materials subjected to SPD
display lognormal distribution of grain sizes [7,57]. Often the dis-
tribution is bimodal and large submicron grains coexist with nanosized
grains [56,58]. A wide range of defect structures can be observed in
metallic materials: dislocation-free grains, non-equilibrium grain
boundaries, dislocation cells and subgrains, low- and high- angle grain
boundaries, stacking faults and micro-twins. Differently sized grains
have diverse properties and may have a varied impact on further re-
crystallization of the material. For example, grains sized about 1mm
are often split into 4 subgrains with diameter of several hundred mi-
crometres. A theoretical model for this mechanism employing dis-
clination methodology was presented in [59]. The succeeding de-
formation results in increase of angles of misorientation between
subgrains to high angle boundaries (θ > 15°) [1]. Another possible
mechanism that can result in appearance of significant fraction of large-
angle grain boundaries is the development of localized microscopic
shear banding with LAGB structure formed between microscopic shear
bands [60]. Sub-micron sized grains with sizes larger than 200 nm
contain higher density of intergranular dislocations and are more de-
formed as comparing to nanocrystalline grains. They are also sig-
nificantly elongated along the main direction of deformation and have
large aspect ratio. Dislocations that are randomly distributed within
these grains form the structure of the low-angle subgrains appearing in
the process of subsequent deformation. Inside grains with sizes within
sub-micron range (100 nm–1 μm) one can often find subgrain structures
of substantially (up to an order of magnitude) smaller sizes with some
of the boundaries being LAGBs and some of them being HAGBs. Non-
equilibrium grain boundaries are often found for grains sized
100 nm–500 nm. Intensive elastic stress fields are observed in a vicinity
of these boundaries. According to [61] such high-energy grains, pos-
sessing long-range stress field, can be formed by absorption of a large

number of lattice dislocations. In [17] it was noted that large grains
have noticeably curved boundaries with a large number of grain
boundary dislocations. Local concentrations of dislocations in the grain
boundaries and grain boundary TJs (triple junctions) for such grains
can be 2–3 orders of magnitude greater than the average
(3 ⋅ 1013− 5 ⋅ 1014m−2) [10] and measure up to 2.5 ⋅ 1017m−2 [17].
Remarkable is the role of stacking faults caused by splitting of lattice
dislocations and micro-twins. This process should also contribute to the
formation of the grain structure. Nanometer-sized grains apparently
grow from nuclei adjacent to stress concentrators at later stages of the
deformation process [17]. The above data corroborate the complexity
and multistage nature of dynamic recrystallization process at which an
essential role should be devoted to grain boundary TJs and flows of
lattice dislocations annihilating near grain boundaries and inside dis-
location cells. Dislocation plasticity model, by itself, does not provide
an exhaustive description of these processes and therefore should be
enriched by additional information accounting for the role of non-
equilibrium boundaries and TJs being the important factors of dynamic
recrystallization.

Consider the formation of non-equilibrium high-angle grain
boundaries (HAGBs) to be the main factor controlling dynamic re-
crystallization of material. In order to do so, the fraction of high angle
grain boundaries, a parameter that is measured experimentally as a part
of EBSD analysis can be employed. As mentioned earlier, this type of
boundaries cannot be formed as a result of evolution of dislocation
boundaries. Apparently, the increase of misorientation angle across the
boundary (i.e. transformation of LAGB into HAGB) requires a non-
equilibrium state when a dislocation boundary is being “bombarded” by
lattice dislocations accompanied with their active annihilation. Another
important factor is the presence of disclination-type stress concentrators
[62] in cell boundary TJs. From experiments (for ex. with copper [2]) it
is known that fraction of HAGBs for moderate strains (usually between
2 and 6 [1,2]) is a quasi-linear function of the accumulated strain. The
key point for the present consideration of dynamic recrystallization is
the dependence of the LAGBs fraction on the processes of dislocation
kinetics and the state of the material microstructure at each instant of
time. Within the framework of this conception of nonequilibrium
nature of transformation of LAGBs into HAGBs under the influence of
the process of immobilization of dislocations at the boundary and the
process of dislocation annihilation, the rate of nonequilibrium grain
boundaries fraction change should be proportional to the ratio of mo-
bile to immobile dislocations VC [34]:

= −
−

ρ V ρ ρ ρ( ) .D
V

C D
mob

D D
im0C

( )

(13)

In this case, the growth rate of HAGBs/nonequilibrium boundaries
fraction p can be presented as:

=
−

p χρ d Ḋ / .D
VC

( )
(14)

Here χ is an empirical parameter. Fig. 2 presents a comparison of
calculations using Eqs. (9), (11) and (14) with parameters listed in
Table 1 to experimental measurements [2,18,63]. In order to estimate
grain sizes, equations of dynamic recrystallization were used. These
equations will be presented below. The large deviation between the first
experimental point in Fig. 2 and the calculated curve is due to the initial
state of material for which the fraction of HAGBs is high. Already after
the first SPD pass this fraction is reduced by a factor of 5 due to

Fig. 2. Fraction of nonequilibrium grain boundaries as a function of accumu-
lated strain [61].

Table 1
Model parameters for copper evaluated from correspondence to experimental data [2,18,61].

Model parameters VС ka kg χ Taylor constant β

Values 5.8 ∗ 10−8 1.9 5.8 ∗ 1016 12.7 0.4 11
Material parameters Shear modulus, GPa Burgers vector, nm Temperature, K Static yield stress, MPa Initial dislocation density, m−2 Initial grain size, μm
Values 46 0.256 300 130 1014 1
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formation of lower scale structure with low angle cell boundaries. The
following quasi-linear growth with saturation is accurately modelled by
the Eq. (14). Immobilization rate for lattice dislocations determined by
VC and the flow of cell dislocations onto the boundary determined by
ρDmob control this process. Obviously, in order to estimate the sizes of
material cells and grains, the Eqs. (9) and (14) should be consistent
between each other and with the subsequent equations of dynamic
recrystallization.

For sufficiently uniform distribution of grain orientations histogram
[60], it is possible to introduce the average misorientation angle, as
done by several authors [1,2,54]. Undoubtedly, for bimodal or sub-
stantially nonuniform distribution of the grain orientations the utili-
zation of this parameter is incorrect and no longer reflects the actual
material characteristics. However, it is extensively used by many au-
thors. An empirical expression for the average angle of misorientation
between neighbouring grains is given in [54] and has the form:

=θ k ε ,θ pl
2/3 (15)

where the proportionality coefficient kθ can be received as kθ=(3/2)1/
3(4TΔS/βGb3M)2/3 with M~3 taken from the Taylors equation εpl=Mε
[64]. The equation for the angle of misorientation between neigh-
bouring grains was proposed in [25] based on dislocation concepts.
According to [25] the rate of the angle change is proportional to the
probability of immobilization of a lattice dislocation by the grain
boundary (1/3), is proportional to the local dislocation density and is
inversely proportional to the size of the grain. Within the framework of
the developed theory it is natural to assume that the average angle of
misorientation is proportional to the fraction of HAGBs, since they are
the major contributors to this angle. In this case:

=θ sp. (16)

where s defines an average value of misorientation angle typical for
material HAGBs and p gives the fraction of these boundaries. Fig. 3
gives the average misorientation angle as a function of accumulated
strain calculated using Eqs. (9), (11), (14) and (16). The dependency
received for s=15°, being the avowed value of misorientation angle for
which the grain boundary is considered to be a HAGB, coincides with
the experimental points [54] and the predictions received using Eq.
(15). In order to receive coincidence with experiments presented in [2]
the value of s=55° is required (see Fig. 3), which is apparently due to a
more complex function of misorientation angle distribution.

Consider the state of grain boundary TJs and their evolution in the

process of deformation. Experimental measurements [65] yield de-
pendencies for fraction of triple junctions with 0,1, 2 or 3 adjacent
HAGBs, denoted as J0, J1, J2, J3 accordingly. As the first approximation,
these dependencies can be received as [65]:

= −
= −
= −
=

J p
J p p
J p p
J p

(1 )
3 (1 )
3 (1 )

0
3

1
2

2
2

3
3 (17)

Fig. 4a shows the corresponding dependencies as a function of ac-
cumulated strain computed using Eqs. (17), (9), (11) and (14). Another
model presented in [65] provides a more accurate description of ex-
perimental data measuring the number of TJs with a different number
of adjacent HAGBs, but the corresponding equations appear to be much
more complex. Fig. 4b displays calculations using the refined model.
The corrections are mainly important for strain dependency of the
fraction of TJs with one and two adjacent HAGBs (J1 and J2). Being a
part of the presented below model of dynamic recrystallization, this
correction does not significantly affect (resulting effect is in the range of
few percent) the dynamic recrystallization curve. Factions of triple
junctions with 2 and 3 nonequilibrium grain boundaries increase slowly
even for a large number of SPD passes and do not exceed 20–30%. At
the same time, according to the refined model, the fraction of grain
boundary TJs with a single nonequilibrium boundary quickly reaches
saturation at around 60%.

Here it is assumed that the main event affecting the process of dy-
namic recrystallization is not the formation of separate dislocation
boundaries, but the formation of stable triple junctions of these
boundaries or, in other words, the formation of static points for the
future grain structure. These static points serve as stress concentrators,
affecting the flow of dislocations onto the grain boundary. It can be
assumed, that strongly nonequilibrium state of dislocation cells
boundaries, resulting from an intense flow of inner cell dislocations and
their intensive annihilation, leads to an increase of the power of dis-
clinations inside TJs, arrest of TJs migration [66] and the formation of
disclination-type defects with stress fields that eventually lead to
transformation of dislocation cell walls into grain boundaries. Similar
processes of formation of dislocation walls between disclination-type
stress concentrators with subsequent separation and migration of par-
tial disclinations at different configurations were simulated in [62].
Therefore, here it is assumed that the average size of the emerging grain
structure is the same as the distance between adjacent triple junctions.
It is also supposed that the cell structure is continuously evolving in
compliance with “equilibrium” Eq. (11). The evolution of dislocation
cell structure does not reflect the evolution of grain structure and these
processes can coexist. Should it be supposed that during this process a
part of the elements of the future grain structure is consequently con-
solidated with time, then every definite level of plastic strain corre-
sponds to a definite size scale, larger than the size of dislocation cells.
The size is given by Eq. (11). This size corresponds to the mean distance
between consolidated elements (immobile triple junctions) of the future
grain structure. If a volume fraction of consolidated triple junctions
J= J1+ J2+ J3 is introduced, then the mean distance between the
elements of stable structure will be given by:

= −d
β
J

ρD
1/2

(18)

Fig. 5 gives dependencies of the average size of dislocation cell
(calculated according to (11)), the average size of grain (calculated
according to Eq. (18) with J= J1+ J2+ J3) and the average size of
grain surrounded by HAGBs (calculated according to Eq. (18) with
J= p) for SPD processed copper. Least time is needed for evolution of
dislocation cells. According to Fig. 5, average dislocation cell diameter
is reduced by several times already for strain ~1. The Eq. (18) together
with the Eqs. (9), (11) and (14) demonstrate a delay of recrystallization

Fig. 3. Average angle of grain misorientation as a function of accumulated
strain [2,34].
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up to the strains ~1 for grain boundaries and up to the strains ~2 for
high-angle grain boundaries, which is in a good coincidence with
known microstructural studies [17]. Experimentally measured dimen-
sions of grains and cells as a function of accumulated strain for copper
are characterized by significant scatter and, in many cases, it is difficult
to understand what kind of structures are actually measured by the
corresponding microstructural analysis. Qualitatively, the developed
theory is in a good coincidence with experimentally observed de-
pendencies and provides a correct estimation of dissimilarity between
the average size of a grain and the average size of a dislocation cell that
usually appears to be several times smaller.

Another microstructural characteristic that can be measured ex-
perimentally is the grain aspect ratio E= ε∥/ε⊥, with ε⊥ being the
minimum grain dimension (measured in the cut plane) and ε∥ being the

maximum grain dimension. For a homogeneous deformation without
recrystallization this value is given by (1+ ε). In experiments [2] the
difference between the longitudinal and the transverse dimension can
reach 20%–50%, accordingly E= ε∥/ε⊥~1.2− 1.5. The value of E
reaches its maximum for strains in the range between 1 and 3. For
higher strains E is approaching 1. For considerations of dynamic re-
crystallization, the importance of grain aspect ratio consists in pecu-
liarities of dynamic recrystallization process that are apparently related
to the evolution of the dislocation structure. According to rotational
model of dynamic recrystallization [18] quasi-spherically shaped grains
are formed in coarse-grain material. Subsequent deformation results in
a significant deformation of initial grains in the direction of maximum
elongation of the material. New dislocation walls are formed inside
elongated grains. These dislocation walls can be later transformed into
new grain boundaries resulting in reduction of the grain size and the
aspect ratio E. For strain exceeding 3 the aspect ratio is close to con-
stant.

2.4. Choice of Model Parameters and their Influence on Dynamic
Recrystallization

The proposed model is a closed and self-consistent in the sense that
it is completely determined by scalar densities of mobile and immobile
dislocations, fraction of non-equilibrium grain boundaries and the size
of dislocation cells and grains. Furthermore, all of these variables are
interrelated between each other, so that a change in kinetic behaviour
of one of them immediately impacts all the others. For such a number of
variables, the model contains only a few parameters, most of which
have clear physical meaning, theoretical estimations and are well re-
searched. These model parameters are summarized in Table 1 along
with parameters of the material evaluated for the initial state of the
material microstructure. Central parameters affecting all of the model
variables are the constant giving the generation of dislocations, the
coefficient of annihilation, the rate of immobilization of dislocations
and the coefficient of proportionality χ from the Eq. (14). All these
parameters can be received from the analysis of experimental data
giving dependences of dislocation density and fraction of HAGBs as a
function of the accumulated strain. The most interesting outcome of the
proposed models is the possibility to predict the dependence of the
dynamic recrystallization on the annihilation rate and the dislocation
immobilization rate. In practice these parameters can be controlled by
additional introduction of impurities and other defects into the de-
formed material. Fig. 6 gives accumulated strain dependency for the

Fig. 4. Fraction of grain boundary triple junctions with 0,1,2 and 3 HAGBs calculated using the simplified (a) and the refined [63] (b) model.

Fig. 5. Dynamic recrystallization in copper. Comparison of experimentally
measured sizes of microstructure (scattered points) to theoretical predictions
(lines 1, 2, and 3) for different values of accumulated strain. 1 is giving the
average size of grain surrounded by HAGBs (misorientation angles exceeding
15°), calculated according to (18) with J= p. 2 is giving the average size of
dislocation cell (calculated according to (11) and 3 is plotting the average size
of grain (calculated according to (18) with J= J1+ J2+ J3).
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main model variables at the increasing value of parameter controlling
annihilation kα~4 (that results in the same effect as immobilization rate
VC). For comparison, experimental points discussed previously (Fig. 1,
Fig. 5) are included in the Fig. 6.

3. Full three-Dimensional Modeling of Multidirectional Forging
Utilizing the Developed Model of Microstructure Evolution
Embedded into FEM Computational Scheme

The developed model was embedded into a computational code
based on Finite Element Method (FEM). New plasticity models were
implemented as USERMAT FORTRAN subroutine for ANSYS commer-
cial finite element software. The subroutine is executed during element
results calculation and provides a possibility to update local dislocation
densities as well as the other microstructure-related parameters in
every point of the deformed sample. The parameters controlling mi-
crostructure evolution are updated every integration substep according
to the local material deformed state in compliance with the corre-
sponding Eqs. (8)–(11), (14), (17) and (18). Conditions corresponding
to those realized in experiments [2] are modelled. In these experiments

copper samples initially shaped as parallelepipeds with dimensions of
9.8 mm by 8.0mm by 6.5 mm are subjected to multidirectional forging.
Experimental geometry is such that the ratio of the sample dimensions
is the same after each deformation pass. Experiments were performed at
room temperature at a strain rate approximately equal to 10−3 s−1. In
the present study only the first pass of multiaxial forging is modelled. In
[67] the authors come to a conclusion that for less than eight in-
dependent slip systems, only scalar flow rules need to be solved. This
provides a possibility to assume symmetric distortion tensor for 3D
calculations of deformation of copper alloys.

Since the process can be considered as quasi-static, time integration
is not performed. The problem is formulated as a number of consequent
static substeps given by displacement gradually applied to the moving
part of the multidirectional forging die. Time is eliminated from the
state equations. Stresses and strains in the deformed specimen on each
substep are calculated according to elastic deformation model. Once a
stress at some point of the bar reaches the value outside von Mises
plastic flow surface, the plastic flow is onset at this point. The strain
that appeared at that point due to displacement applied at the top of the
sample is split into elastic and plastic parts, returning the stress to the

Fig. 6. Alternation of the all main dependencies for the increased value of dislocation annihilation parameter).

Fig. 7. Distribution of dislocation densities within the cross section of the sample after the first pass of multi-directional forging (MDF).
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plastic flow surface. Alteration of plastic part of strain tensor is affecting
dislocation densities Eq. (9) as well as the rest of the described material
microstructure parameters according to Eqs. (8), (11), (14) and (18).
Material properties are taken from Table 1.

Fig. 7 presents the results of modeling for distribution of dislocation
densities within the cross section of the sample after the first pass of
MDF. These dislocation densities were calculated according to Eq. (9)
and therefore the number of immobile “forest dislocations” essentially
depends on the utilized model parameters. For different experimental
conditions, inducing different types of local deformations, the density
of “forest dislocations” in the centre of the sample can both decrease or
significantly increase after the first MDF pass. The model parameters
used for this simulation were chosen based on coincidence to experi-
mental data as discussed in the previous sections.

For the model presented in this paper, according to Eq. (8), the
dislocation density (and dependent processes of dynamic re-
crystallization) determines the material strain hardening and, by this,
affects the mechanical properties of the material. For the first MDF pass,
as evident from Fig. 5 and experimental data [17], the material grain
size does not change significantly. At the same time, dislocation density
increases by an order of magnitude and dislocation cell size decreases
by several times. Nonuniform distribution of dislocation density within
the bulk of the material corresponds to nonuniformity of deformation of
the sample in the mold. Fig. 8 presents computed heterogeneous dis-
tribution of strain within a sample after a single pass of MDF. It is
noticeable, that in a sufficiently large zone located in the centre of the
sample, strains can reach values close to 1. Simple geometric estima-
tions for homogeneous distribution of strains [2] yield the value of 0.4,
being 2–3 times less as compared to the actual strains. At the same time,
it is the latter value of 0.4 that is usually used for plotting experimental
dependencies for various material parameters on accumulated strain in
the process of MDF.

Few papers are known, mentioning inhomogeneity in distribution of

strains/microhardness throughout the volume of a sample after MDF.
Among them the work presenting experiments with 2A14 aluminum
alloy [68] which reported four different deformation zones in the
sample. This effect is in a good coincidence with the simulation results
received in this work. The corners of the mold are the most problematic
regions for MDF deformation method. Due to this, pressing usually
cannot be brought to the end of the cycle neither in calculations nor in
experiments. Moreover, mold corners serve as stress concentrators
significantly distorting the deformation pattern of the sample.

Influence of friction on interfaces between the sample and the mold
has also been studied. Friction has been modelled as standard Coulomb
friction with values 0.1–0.4 for friction parameters taken from [69] for
the case of dry friction between the sample and the mold and the case of
lubricated friction provided by various possible lubricants. No sig-
nificant effect of friction on the received strain distribution has been
observed for any of the utilized friction parameters. Neither in [69],
where nonstructural approaches were used to model ECAP of copper,
authors observed no significant influence of friction on simulation re-
sults.

Grain aspect ratio can be registered experimentally [2] (see ex-
perimental points Belyakov et al. at Fig. 5) and is determined by in-
homogeneity of deformation along different directions. As observed
experimentally, after the first MDF pass typical minimum and max-
imum grain dimensions of a grain differ by a factor of 1.5. Simulation
gives a rather complex picture for distribution of principal stresses (in
GPa) within the bulk of the sample (Fig. 9).

As follows from the presented figures, the magnitudes of the first
(largest) and the third (smallest) principal stresses in the central region
differ by the factor of 3. As shown in Fig. 8, the order of magnitude of
the average dislocation density for 3D simulations coincides with the
one-dimensional computations (see Fig. 5). This provides ground to
state that the “one-dimensional” modeling of SPD processes presented
in the foregoing sections is, in outline, correctly predicting the

Fig. 8. Heterogeneous distribution of strain within a sample after a single pass of MDF.
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evolution of the microstructure and mechanical properties of metals in
the process of deformation. A similar result was received in [30] for
ECAP simulations. At the same time, many significant features of ma-
terial deformation are related to inhomogeneous distribution of strain
within the bulk of the sample, and this should be taken into account
while describing real SPD experiments. Thus, in [70,71] a gradient
theory of dislocation plasticity is developed. This approach gives a
possibility to take into account the additional contribution of the in-
homogeneous distribution of dislocation density within the bulk of the
material. For processes such as HPT [71], this becomes critical for si-
mulations of experimental results. The main physical effects accounted
by the approach [71] are the occurrence of geometrically necessary
dislocations compensating for strain nonuniformity and the emergence
of reaction stresses between adjacent grains of polycrystal due to plastic
strain incompatibility.

4. Conclusions and Discussion

Detailed experimental microstructural studies of materials pro-
cessed using different SPD techniques [1,2] provide a unique possibility
to perform accurate comparison between these experimental measure-
ments and predictions received utilizing the developed theoretical
model. Dynamic recrystallization model proposed in this work is based
on evolution of fraction of high-angle grain boundaries (HAGBs) and
the associated fraction of grain boundary triple junctions with different
number (between 0 and 3) of adjacent HAGBs. The process of the
transformation of dislocation cell boundaries (characterized by rela-
tively large widths and creating small misorientation angles across the
boundary) into grain boundaries (characterized by much smaller
thicknesses and creating large misorientation angles across the
boundary) is supposed to be critical (and driving) for the entire process
of dynamic recrystallization. Immobilization rate for lattice (mobile)
dislocations, defined by the flow of mobile dislocations onto the cell
boundary, can be used as a parameter decisive for the rate of trans-
formation of cell boundaries into grain boundaries. In fact, this para-
meter is reflecting the degree of boundary “nonequilibrium” being the
main factor of grain evolution. At the same time, it is supposed that the
evolution of dislocation cells can be described by a usual approach –
their size is back proportional to the square root of the scalar density of
dislocations. In this way the models of dislocation density kinetics are
forming a unified and consistent system of equations including ex-
pressions for the fraction of nonequilibrium boundaries, the size of
dislocation cells and the grain size. In turn, the latter affects dislocation
kinetics by the influence on the material yielding stress. This influence
is accounted according to the Taylor law (for cells) and the Hall-Petch
relation (for grain boundaries).

This new model significantly widens the range of possible applica-
tions for the previous models [5,6,34]. Furthermore, the new model

stimulates new experimental investigations of grain triple junctions and
topological changes of the grains structure during SPD. The most in-
teresting feature of the developed model is the explicit dependency of
all of the microstructure evolution processes on rate-dependent para-
meters such as the immobilization rate of mobile dislocations or the
coefficient of their annihilation. In practice, these parameters can be
controlled by changing the internal material microstructure, which
opens wide perspectives for development of new SPD processes for
production of new materials with unique mechanical properties.

It is remarkable that providing reliable predictions for a wide range
of microstructural properties (HAGBs fraction, dislocation cell size,
grain size, dislocation density in interior of a cell, dislocation density in
a grain boundary, fractions of triple junctions with different number of
adjacent HAGBs, grain aspect ratio), the developed model is utilizing a
limited number of parameters having a clear physical interpretation
and the corresponding physical models for parameter evaluation.
Numerical simulations presented in this work are testifying the ap-
plicability and accuracy of the developed approach. For multi-
directional forging of copper considered in this paper a fraction of non-
equilibrium grain boundaries was calculated to be around 0.6. Also, a
minimum dislocation cell size (200 nm), a minimum grain size (around
250 nm–300 nm), and a scalar dislocation density (around 1015m−2)
were estimated. Obviously, evolution of these parameters is greatly
influenced by the utilized model parameters (such as the coefficient of
annihilation for dislocation pairs or the rate of dislocation im-
mobilization). The new abilities of the presented model provide a
possibility to predict changes in the material microstructure after SPD
of materials with various chemical compositions.

The developed model was embedded into a computational code
based on the Finite Element Method. New plasticity models were im-
plemented as USERMAT FORTRAN subroutine for ANSYS commercial
finite element software. Performed three-dimensional finite element
modeling calculates the degree of strain inhomogeneity. The same
analysis predicts microstructure formed within the material and gives a
possibility to estimate different microstructural properties including the
average aspect ratio of grains formed after the initial stages of MDF.
Qualitatively the results of 3D modeling are repeating the results of the
simplified 1D calculations displaying all the variety of the previously
discussed phenomena. After the first pass of the MDF process, plastic
strain accumulated in the central part of the deformed sample was
calculated to be twice as big (~0.8) as comparing to strain evaluated
supposing uniform strain distribution (~0.4). This fact is highly im-
portant and requires the corresponding corrections while processing
and presenting experimental data for MDF.

A very interesting effect, predicted by the developed approach is the
delay (for strains below 1) of grain refinement, while the size of dis-
location cells is significantly reduced already for the first pass of MFD
process. Also, the model was used to predict strain dependency of

Fig. 9. Distribution of the largest (a) and the smallest (b) principle stress in gigapascals (GPa) after the first MDF pass.
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fraction of triple junctions with number (0 to 3) of adjacent HAGBs. The
received predictions can be verified experimentally and providing a
much better understanding of mechanisms and processes constituting
dynamic recrystallization in metals.
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