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Abstract 

 
The paper presents an approach for simulation of refracturing treatment on vertical oil wells. The model is accounting for filtration of 

hydraulic fracturing fluid through the proppant packed inside the crack formed during previous hydraulic fracturing treatments. The 

simulations provide a possibility to estimate history of stress intensity factor appearing at the tip of the existing crack once the time profile 

of pressure within the wellbore is given. Introducing critical value of the stress intensity factor for the fractured media, time-to-fracture 

initiation (after pressure increase start) can be estimated and compared to instance of fracture event registered in real conditions. Also, the 

possibility of fracture reorientation through formation of new fractures at the region adjacent to the wellbore is studied.  
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1. Introduction 

 
The technology of hydraulic fracturing refers to the creation a 

highly conductive fracture in the target reservoir under the 

impact of a fluid supplied under pressure to provide the flow of 

a fluid being produced (natural gas, water, condensate, oil or 

their mixture) to the bottom of the well [11, 12]. 

After hydraulic fracturing, the flow rate usually jumps or a 

pressure drawdown drop occurs [13, 14]. 

Hydraulic fracturing enables the “revival” of idle wells, where 

oil or gas no longer can be produced traditionally or when such 

production is no longer profitable [15]. 

Hydraulic fracturing is also a solution for coal seam 

degasification, underground gasification, etc. 

Besides, this technology is currently applied to new oil 

reservoirs, which traditional development is unprofitable due to 

low production rates [16, 17]. 

This technology is also applied in shale gas production and 

compacted sandstone gas production [18]. 

Refracturing (or refrac) treatment for restimulation of oil wells 

previously treated utilizing hydraulic fracturing can often 

significantly increase oil production and result in substantial 

additional oil output. For that reason, refrac had become a widely 

spread and effective technology that is used to restore well oil 

production to original or even higher production rates as well as 

to extend a well productive life. Refrac technologies are applied 

to both the vertical and the horizontal wells. In many cases 

multiple refrac treatments are applied to a well in the course of 

its productive life. Unfortunately, in many cases refrac treatment 

is not resulting in significant (or any) oil production increment 

(see ex. [1-3]). In some cases, refracturing can result in well 

deterioration or even well permanent damage. In that connection, 

possibility to predict good candidate wells, promising 

advantageous well production increase is of a great importance 

for the industry. Likewise, numerical simulations, providing a 

possibility to predict optimal refracturing process scenario, that 

will lead to desired alternations of the well conditions and 

geometry are of a great interest [4]. All that induces the notable 

interest for numerical simulations of refracturing process. 

Simulation of hydraulic fracturing is a complicated problem 

solution of which, depending on the model used, requires 

different simplifications and assumptions. It is clear, that 

simulation of refracturing is a much more complicated problem 

involving not only the simulation of fracture, appearing in a 

vicinity of a loaded well (see ex. [5]). Obviously, this simulation 

should account for the evolution of pressure inside the crack of 

the initial hydraulic fracture cracks and the appearing stress field 

surrounding the tip of this crack followed by strength analysis. 

This paper presents an attempt to develop simplest model being 

able to predict weather the refracturing will increment the 

existing large crack created during previous hydraulic fracturing 

or that can result in formation of new fractures originating from 

the vicinity of the wellbore. That will require the solution of two 

independent problems: 

a) solution searching for stressed state surrounding the 

tip of previously created crack, followed by strength analysis 

giving the moment of time when this crack is initiated under 

given loading conditions (given history of pressure within the 

wellbore). 

b) Solution searching for stressed state in the vicinity of 

the wellbore, followed by strength analysis giving the moment 

of time when fractures can be initiated under given loading 

conditions (given history of pressure within the wellbore). 

Comparison of the two solutions for the same loading history, 

same initial geometry, same material properties, etc., will tell 

which of the two fracture scenarii will take place (simulation 

giving smaller time-to-fracture initiation) in the corresponding 

case. 

 

2. Stressed state surrounding the tip of a 

previously created crack 

 
Following the initiation of the refrac loading (increase of 

fracturing fluid pressure in the wellbore), fluid pressure is 

propagating inside the crack created during the initial hydraulic 

fracturing. This pressure is responsible for development of a 

stressed state, surrounding the crack tip. Reaching the critical 
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state, this stressed state will result in propagation of fracture 

from the tip of the existing crack. The problem to be solved is to 

find the time at which this fracture will be initiated given the 

problem geometry, properties of the materials, initial stressed 

state and the history of pressure in the wellbore. The problem 

geometry is limited to simplest possible case: two symmetric 

rectilinear cracks originating from the wellbore. Usual sizes of 

hydraulic fracturing cracks vary between 50 and 200 meters. 

Figure 1 is giving the schematic representation for the problem 

of fracture initiated at the tip of the existing hydraulic fracture 

crack. The fracture is caused by pressure that is applied at the 

wellbore. 

 

 
Figure 1. Schematic representation for the problem of refracture initiated at a tip of a crack formed during previous hydraulic fracturing 

 
The problem can be divided into a problem for forces (or stresses) 

acting on the faces of the cracks and the problem for the stressed 

state in the bulk of the rock with special interest for the region 

surrounding the crack tip.  

Distribution of pressure on the crack faces can be found 

supposing time dependent pressure is known within the wellbore 

by solving the problem of filtration of fracturing fluid through 

proppant kept inside the crack. The problem is schematically 

presented in figure 2.  

 
Figure 2. Schematic representation of the problem for filtration of fracturing fluid through proppant. 

 
Since it can be supposed that the crack opening is small 

comparing to the crack length, the problem can be solved as a 1-

dimensional problem, assuming the solution to be not 

significantly dependent on the y-coordinate (see figure 2). The 

aim is to find the time and x-coordinate dependency of pressure 

for given P(t) – time dependent pressure at x=0, corresponding 

to the position of the wellbore. Obviously, the estimations of 

time-dependent pressure distribution can only be received as a 

solution of transient equations for unsteady filtration. This 

solution can be received as a solution of continuity equation, 

representing the mass conservation law: 

 
∂mρ

∂t
+ div ρu⃗ = 0 

(1) 

 

 

and a filtration law given by Darcy’s law coupling the filtration 

speed and the pressure in the media: 

 

u⃗ = −
k

μ
grad p, (2) 

 

where p is the pressure, t stands for time, 𝑘 is permeability, μ is 

the viscosity of the fracturing fluid, c stands for porosity, 𝜌 is 

mass density and �⃗�  is the fluid filtration speed. For 1-

dimensional case and for quasi-uncompressible fluid, supposing 

the relative changes of density 𝜌 and porosity 𝑚 to be small, the 

filtration law and the continuity equations yield equation (see ex. 

[6]), formally coinciding with the thermal conductivity equation: 

 

∂p

∂t
= ϰ

∂2p

∂x2 . 
(3) 

 

This equation is often called the equation of piezo-conductivity 

with coefficient ϰ called the coefficient of piezo-conductivity. ϰ 

is depending both on the properties of the filtrated fluid and the 

properties of the filtrating material. Equation 3 should be 

supplemented with initial and boundary conditions. In our case:  

 

-suppose for initial time (t=0) there is no pressure created by the 

liquid inside the crack (or this pressure is small comparing to 

pressures created at refracturing): 

 

p(x)|t=0 = 0, (4) 

 

which gives the initial conditions for the problem. It is supposed 

that time dependency of pressure within the wellbore is a given 

function: 

 

p(t)|x=0 = P(t), (5) 

 

giving the Dirichlet boundary condition at the wellbore. 

-the tips of the existing crack are impermeable and (i.e. filtration 

speed is equal to zero at these points): 

 

u|x=a,x=−a = 0. (6) 

 

Taking use of the Darcy’s law one can easily get:  

 

(grad p)|x=a,x=−a =
∂p

∂x
|
x=a,x=−a

= 0, (7) 

 

giving the Neumann boundary condition at the tips of the crack. 



 

Thus, (3-7) is stating a problem with solution giving the 

distribution of pressure on the crack faces for any time 

subsequent to hydraulic loading initiation. This model is not 

accounting for possible leak-offs of the fluid into the rock. 

Carter’s law (see [7]) can be used to estimate the specific leak-

off speed of the fracturing fluid into the rock: 

 

𝑢𝐿 =
𝐶𝐿

√𝑡 − 𝑡𝑒𝑥𝑝

, (8) 

 

where CL is the fluid loss coefficient that should be evaluated 

empirically, t – is the current time and texp is the time when the 

liquid reached the given point. In our case 𝑡𝑒𝑥𝑝 = 0 for all of the 

points along the crack. Taking the leak-offs into consideration 

will change equations 1 and 3: 

 

 
∂mρ

∂t
+ div ρu⃗ = −𝑢𝐿 (9) 

 

∂p

∂t
= ϰ

∂2p

∂x2
−

𝛾𝐿

√𝑡
. (10) 

 

Thought in some cases (i.e. for simple P(t)) the stated problem 

can be solved analytically utilizing variable separation method, 

in order to provide a possibility to simulate refrac treatment for 

any given P(t), the problem is solved numerically utilizing finite 

difference method with Crank-Nicolson scheme [8]. Figure 3 is 

giving an example of the received dependencies of pressure 

along the crack. Different lines correspond to different time 

instances.

  

 

 
Figure 3. Distribution of pressure along the crack for different time instance (different lines). In this case pressure in the wellbore is linearly 

growing with time - P(t) = dP0t. 

 
Once the distribution of pressure on the crack faces is received 

as a function of time, it is possible to estimate the history of the 

stress intensity factor appearing at the crack tip. Assuming the 

behavior of rock can be described utilizing linear elastic fracture 

mechanics, the stress intensity factor for central crack, 

quasistatically loaded on its faces with distributed pressure can 

be received as (ex. see [9-10]): 

 

KΙ =
1

√πa
∫ 𝑛(𝑥)√

a + x

a − x
dx

a

−a

 

KΙI =
1

√πa
∫ t(𝑥)√

a + x

a − x
dx,

a

−a

 

(11) 

 

where a is the crack half-length, n(x) and t(x) are the normal and 

tangential components of forces applied at the crack faces and x 

is the coordinate along the crack with the origin at the middle of 

the crack. Knowing the distribution of forces on the crack faces 

(induced either by pressure inside the crack of external forces 

applied – i.e. tectonic stresses), these integrals can be evaluated 

numerically following any suitable approach. Examples of the 

received KI time dependencies for wellbore pressure applied 

following the Heaviside step function (suddenly applied 

pressure) and linearly growing pressure are presented in figure 

4. 

 
Figure 4. Calculated time dependencies of mode I stress 

intensity factor in the tip of the crack for pressure with 

amplitude of 20MPa suddenly applied at the wellbore at t=0 

(upper curve) and pressure at the wellbore linearly changing 

from 0 MPa at t=0 to 20 MPa at t=200 sec (lower curve). 

 



As follows from the presented results, the developed approach 

provides a possibility to predict the history of the stress intensity 

factor appearing at the tip of the crack developed during previous 

hydraulic fracturing if the history of pressure at the wellbore and 

the properties of the initial crack are given along with filtration 

properties of media inside the crack. Should these properties be 

appended with the critical stress intensity factor for the fractured 

rock, that will open a possibility to predict time when the crack 

created during previous hydraulic fracture will initiate.  

 

Possible properties of cracks, rock and filtration properties of 

proppant inside the crack are presented in table 1. 

 

Permeability of packed 

proppant inside crack, 

Darcy 100 

Leakoff coefficient, 

cm3/min1/2 0.03-0.12 

Maximum wellbore 

pressure, atm 500-800 

Length of existing 

crack, m 50-200 

Elastic modulus of 

rock, GPa 10-50 

Poisson’s ratio of rock 0.2-0.3 

Density of rock, g/cm3 1.6-2.5 

Porosity, % 6-37 

Tensile strength of rock 

(brazil test), MPa 0.5-13 

Coefficient of piezo 

conductivity of media 

inside crack, m2/s 

333 

 

 

Table 1. Typical properties of materials, filtration 

properties of proppant inside crack and parameters of wellbore 

pressure history for refract treatments 

 

Using the properties presented in table 1 it is possible to predict 

time dependent distribution of stresses as well as the histories of 

the stress intensity factor at the tip of the crack. Figure 5 presents 

the received history of pressure distribution and the history of 

stress intensity factor for crack with half-span of 100 meters and 

linear growth of pressure within the wellbore from 0 to 500 

atmospheres within 8 seconds. 

 
Figure 5. Pressure distribution (left figure) and the history of stress intensity factor (right) for crack with length half span of 100 meters 

and linear growth of pressure within the wellbore from 0 to 500 atmospheres within 8 seconds 

 
Introducing the critical stress intensity factor for the fractured 

rock material, it is possible to evaluate time to initiation of 

fracture at the tip of the existing crack. For the studied rock the 

critical value was taken to be equal to 2*106 Pa*м-1/2, which is a 

typical value for sandstone. Figure 6 is giving time to fracture 

initiation as a function of pressure growth rate for a crack with 

half-span equal to 100m. 

 

Figure 6. Time to initiation of fracture at the tip of the crack as 

a function of pressure growth rate. Crack length is 100 m. 

 
Figure 7 is giving time to fracture initiation as a function of the 

initial crack length.  

 

 



Figure 7. Time to fracture initiation as a function of the 

initial crack length. Wellbore pressure is linearly 

growing from 0 to 500 atm within 8 seconds. 

 

The results presented above are not accounting for tectonic 

stresses that can be very high and dependent on depth and 

depletion due to well production. Possible value of tectonic 

stresses in the direction normal to the direction of the crack is 

440 atm, which is equal to 4.458e7 Pa. Figure 8 is plotting time 

to fracture initiation in the case of tectonic stresses taken into 

account. As follows from the presented figure, accounting for 

tectonic stresses can significantly affect predicted time to 

fracture initiation for fracture at the tip of the existing crack. 

 

Figure 8. Time to initiation of fracture at the tip of the crack as 

a function of pressure growth rate. Crack length is 100 m.  

 

3. Stressed state surrounding the wellbore 

 
Another possible scenario consists in initiation of new fracture 

in the region adjacent to the wellbore. In order to study this 

possibility numerical approaches should be applied. In this work 

finite element method (FEM) was utilized. Solution was 

received for 2D problem for a wellbore and a crack of initial 

hydraulic fracture in an extent domain (to minimize the influence 

of the boundary). It is supposed that the media is linear elastic. 

Usual meshing techniques were used to mesh the domain and for 

this reason mesh is not presented. Stress histories received from 

the solution of (3)-(9) were applied at the crack faces. In order 

to verify the numerical scheme, the received time dependencies 

for stress intensity factor in the tip of the crack were compared 

to the ones previously computed using the analytical approach. 

It was found that numerical predictions are in a very good 

coincidence with the analytical solution. Typical contour plots 

for received stresses are presented in figure 9. 

 

 
 

Figure 9. Typical stressed state for numerical solution. 

 
Using the developed numerical approach stressed state at the 

region surrounding the crack tip was studied for the range crack 

lengths and pressure growth rates typical for refract treatments 

(see table 1). It was found that for all of the studied cases 

circumferential stresses at the region surrounding the wellbore 

are compressive. For some cases, very small tensile stresses are 

developed for times close to pressure growth initiation but the 

amplitudes of these stresses are orders of magnitude lower 

comparing to the ones needed to develop fracture in the rock 

material. Accounting for dynamic effects of inertia (including 

wave propagation) and introduction of tectonic stresses is not 

significantly affecting the situation. 

 

4. Conclusions  

 
An approach for simulation of refracture treatment on vertical 

wells is presented. Possibility to evaluate stress intensity factor 

for the tip of the crack created during previous hydraulic 

fracturing treatments is demonstrated. The approach is also 

predicting time at which initiation of fracture should be expected. 

These estimations can be compared to results of real refracturing 

treatments where the instance of fracture initiation can be 

registered (by the registration of pressure drop). Studies of 

stressed state of the region surrounding the wellbore had shown 

that within the framework of the developed model, without 

further assumptions, it is not possible that new fracture will be 

initiated in this region.  
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