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Abstract. A comparative study of the vertical seismic barriers intended for protecting
from Rayleigh seismic waves and filled with (i) homogeneous linearly elastic materials
and (ii) granular metamaterials, is done by the FE modeling. The granular metamaterial
obeys the Mohr – Coulomb plasticity model with the associated flow rule, low cohesion
value, and small internal friction and dilation angles. The performed numerical analysis
reveals a principal ability achieving much higher reduction ratios for magnitudes of
accelerations along with much longer shadow zones behind the barrier for barriers filled
with metamaterials in comparison with the purely elastic homogeneous barriers.
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1. Introduction
The current research is aimed at analysing protection properties against Rayleigh seismic waves by
two types of the vertical seismic barriers, (i) solid homogeneous elastic barrier, and (ii) barrier filled
with a granular metamaterial. The modelling technique utilizes solution of the dynamic outer Lamb
problem yielding both Rayleigh surface waves and bulk P and S waves.
1.1. Seismic barriers
The necessity to protect construction sites from action of surface acoustic waves (SAW) among which
Rayleigh or Rayleigh – Lamb waves play the most important role, arises quite often [1-3] especially
in areas prone to the shallow focus earthquakes [4,5] or for protection from blast loads [6], or traffic
loads [7-10]. More rarely, seismic barriers are used for protecting against Love and SH waves [1113]; the boundary integral equation methods (BIEM) for barriers with elastic anisotropy, are
considered in [14].
Nowadays, the several different kinds of seismic barriers protecting against SAW and a more
rear evanescent and head waves, are suggested, with vertical barriers being the most common case [7,
15-19]; less frequent horizontal barriers [15, 20]; pile fields intended to scatter the SAW wave energy

[20-22]; and barriers containing periodic or quasi periodic structural members or metamaterials acting
as a phononic crystal [23-26]. The principal ideas for the use of seismic barriers relate to reflection,
refraction, scattering and dissipation energy; the latter mainly refers to the metamaterials with
significant inelastic response, and especially to the granular metamaterials.
Quite a large number of works concerns the pile fields for scattering Rayleigh waves and thus,
protecting the region surrounded by the pile field [27-29]. Presumably, this type of barriers can be
considered as the most cost efficient comparing with the other types of seismic barriers [30, 31].
1.2. Mathematical models for granular metamaterials
There are several mathematical models that are used for granular materials; among others hyperelastic,
elastic and hypoelastic models should be mentioned, as well as elastic-plastic models, models utilizing
the discrete element methods, and hydrodynamic models. Some of the most common methods and
models are considered in more detail below. As the literature review given below shows, the
continuous plasticity models can be considered as the most appropriate candidates for modeling
granular metamaterials, however, some other continuous models are developed; these are hyperelastic,
hypoelastic, hydrodynamic and various elastic-plastic models.
1.2.1. Hyperelastic models. Even at strong ground motions caused by the severe earthquakes,
the strain tensor is assumed infinitesimal in the areas containing no faults [32]:
1
  sym ( F )  u + uT ,
(1.1)
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where F is the strain, and u is the displacement field, the stress-strain relation for a hyperelastic
material can be written in a form [33]:
 = ( I , II , III ) I I + 2( I , II , III ) ,
(1.2)
Herein, 𝚰 is the unit matrix (tensor); the material functions  and  depend solely upon strain
invariants
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herein, the double dot means the convolution with respect to two indices. In addition to Eq. (1.2) for
a hyperelastic material it is assumed there is an elastic potential ( I  , II  , III ) satisfying a relation
[34, 35]:
 =  ( I , II  , III ) ,
(1.4)
where ∇𝜀 denotes the derivative with respect to 𝜀. With account of (1.3), Eq. (1.4) takes the form
(Ericksen, 1960)
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Now, combining Eqs. (1.2), (1.5) yields
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While hyperelastic models are quite often used for modeling wave propagation in granular media [34,
36], their major shortcoming associates with the absence of energy dissipation at cyclic motions,
containing the compression – decompression phases.
1.2.2. Hypoelastic models. According to Truesdell [37] the stress tensor infinitesimal
increment d (x, ) can be defined by the strain tensor infinitesimal increment d (x, ) , where  is

the time-like parameter. Assuming, as before, that the strain tensor is infinitesimal, the constitutive
relation for an isotropic hypo-elastic material takes the form
(1.7)
d = ( I  , II  , III  ) I d  I + 2( I  , II  , III  )  d ,
where 𝐼𝜎 , 𝐼𝐼𝜎 , 𝐼𝐼𝐼𝜎 are the corresponding stress invariants, defined similarly to (1.3).
It is also known [38] that the special triggering mechanism can be incorporated into Eq. (1.7) to
achieve different mechanisms at loading and unloading; that turns the considered hypoelastic models
into elastic-plastic models.
The equation of motion for hypoelastic models are often written in the incremental form
(1.8)
x  ( d ) + d ( b ) = d ( v ) ,
where v is the velocity field,  is the material density, and b is the body force field. The hypoelastic
model defined by the equation of state (1.7) is quite often used for modeling wave propagation in
granular media; see [39, 40].
1.2.3. Hydrodynamic models and discrete element methods. The granular media are sometimes
modeled by hydrodynamic equations of state; see [41-46]. The space-average hydrodynamic
equations of motion for the granular medium can be derived by the Chapman – Enskog method [47]
and written in the form [51]:
  n + div x ( nv ) = 0

n (   v + v  x v ) = −div x P + nF

,

(1.9)

n (  T + v  xT ) = −divxq − P  x v − nT 
where n is the number density field; v is the velocity field; T is the temperature field; F is the
external number density (body) force; P is the pressure (tensor) field; q is the heat flux;  is the
specific loss of mechanical energy. To accomplish balance equations (1.9) the following relations for
the pressure tensor, heat flux and the specific mechanical energy dissipation are suggested [42, 43]:
P = pI −  (  xu +  x v − ( div x v ) I ) −  ( div x v ) I
q = − xT −  x n

,

(1.10)

 = 0 + 1div x v
where p is the hydrostatic pressure;  is the shear viscosity,  is the bulk viscosity;  is the thermal
conductivity coefficient;  is the additional parameter specifying dependence of the heat flux on the
number density gradient; the last expression for the specific mechanical energy loss is known as the
Goldstein – Shapiro equation [44].
Equations (1.9), (1.10) form the closed form system of hyperbolic equations, solved either by
the finite difference algorithms; see [48,49]; or the discrete element methods (DEM); see [45-48].
Sometimes, hydrodynamic models are used within the meshfree smooth particle hydrodynamics
(SPH) method; in this regard see [54-56].
1.2.4. General elastic-plastic models. The elastic-plastic models are quite often used for
analyzing wave propagation in granular media [57-60]. Within these models, the usual approach is to
split the infinitesimal strain into recoverable elastic (  e ) and unrecoverable plastic (  pl ) part:

 = e +  pl .

(1.11)

Assuming, the considered materials are isotropic, both strain and stress tensors are split into spherical
and deviatoric parts
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herein, p is pressure;  is the volumetric strain, and d stands for the corresponding deviatoric tensor.
For the theories with a single yield surface, the yield surface is defined by an equation written
in terms of the corresponding invariants:
f ( I  , II  , III  ) = 0 .
(1.13)
where f is a convex function. If f is independent of the third invariant, then Eq. (1.13) can be
rewritten, as
f ( p, q ) = 0 ,
(1.14)
where q is one of the equivalent measures in the deviatoric space. Quite often in mechanics of
granular materials [61-65] the function f is considered as a potential for the velocity (increment) of
the plastic strain
(1.15)
 pl =  f .
Parameter  determines velocity of the plastic strain.
1.2.5. Mohr – Coulomb plasticity model. The Mohr – Coulomb plasticity model is apparently
the most popular in mechanics of granular materials, see [15, 33, 66-68]. This model will be used in
analyzing energy dissipation and scattering by seismic barriers filled with the granular metamaterials.
It should also be noted that while most of solid elastic-plastic materials may exhibit degradation of
their mechanical properties at cyclic loadings, especially those exceeding the limiting yield stress [65],
the considered granular metamaterials are free from this kind of degradation, since the individual
granules have actually no chemical bonding forces [67].
Within Mohr – Coulomb plasticity models, the deviatoric semi-norm q is taken as

q = 1 − 3 ,
(1.16)
where 1 and 3 are correspondingly the maximal and minimal principal stresses. The Mohr –
Coulomb plasticity model is based on the linear relation between pressure p and the deviatoric seminorm q
q = c + p tan  ,
(1.17)
where c is the parameter, known as cohesion, it corresponds to the yield stress at the zero pressure
value; angle  is known as the angle of the internal dry friction; and the internal dry friction is
independent of the speed of strain. Thus, the yield surface (1.14) for the Mohr – Coulomb plasticity
model becomes a pyramid; and as Eq. (1.17) shows, the f -function in (1.14) depends upon the unique
variable parameter q or p . The pyramid apex along the p -axis is located at
c
,
(1.18)
tan 
Note also, that according to Eq. (1.17) at vanishing  the pyramid is becoming a prism without the
apex point.
In case of the non-associative flow rule, the dilation angle    ; herein, the dilation angle
characterizes deflection of vector  f from the deviatoric plane d . By denoting the unit normal
p=−

to the deviatoric plane by  d the following expression for the dilation angle can be derived, as
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Herein, Q is the rotation (second order) tensor characterizing deflection of the dilation angle from
the internal friction angle  ; note also, that
=
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 = arctan    .
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In the following sections the associative flow rule (  =  ) will be adopted.

(1.20)

2. Numerical calculations
Protective capacity of seismic barriers made of material exhibiting linear elastic behavior and granular
metamaterial simulated as Mohr-Coulomb material is analyzed. Utilizing LS-DYNA [69] finite
element commercial software, a problem for a dynamically loaded halfplane with embedded
protective barrier is solved utilizing explicit time integration. Problem geometry is given in figure 1.

Figure 1. Numerical solution geometry
The load P(t) is applied as a concentrated force at the surface at x=0. The time dependence of force
used in the following simulations is given graphically in figure 2. Force amplitude Ppeak=1000N.

Figure 2. Time shape of P(t) used in simulations.
The load duration T is chosen to be equal to the time needed for the fastest (longitudinal) wave
to travel distance equal to the barrier depth in the material representing half-space. There’s no doubt
that the load duration will significantly affect wave interaction with a barrier of a prescribed geometry
and, hence, will have a substantial effect on the effective barrier protective properties. It is apparent,
that barriers with sizes significantly smaller than the oncoming wave wavelength, cannot have notable
influence on the passing wave. Waves with wavelengths comparable or smaller than the barrier size
can be significantly transformed in the process of interaction with the barrier. Credibly, the waves
with wavelengths substantially smaller than the barrier dimensions can be affectively filtered by the
barrier with no pronounce dependency on the wavelength. Thereby, the most interesting (from both,
the theoretical and the practical point of view) is the case of waves with wavelength comparable to
dimensions of the protective barrier.
For each of the tested barrier materials maximum overtime displacement induced by the load
P(t) in the sensor point (see figure 1) is scaled with the magnitude of displacement in the same point
for the case with no seismic barrier to receive protection factor for the corresponding barrier type. For
example, protection factor equal to 2.0 means that the magnitude of displacements in the sensor point
is reduced by the factor of 2.
The media is simulated as a linear elastic material with the properties typical for soil – elastic
modulus, E=30 MPa, density, =1750 kg/m3, Poisson’s ratio, =0.3. As demonstrated before (see. ex.
[15]) vertical seismic barriers made of linear elastic materials can be successfully utilized to reduce
vibrations induced by remote loads. Within the framework of the developed model two cases of linear
elastic barrier were calculated: barrier made of a material that is much stiffer than the media (material
with properties typical for concrete - E=30 GPa, =2400 kg/m3, Poisson’s ratio, =0.35) and much
softer that the media (material with properties typical for expanded polystyrene (EPS) geofoam - E=3
MPa, =15 kg/m3, Poisson’s ratio, =0.12). The corresponding protection factors were found to be
2.2 for the case of seismic barrier made of concrete and 1.86 for the case of seismic barrier made of
EPS geofoam.
In order to investigate potential protective properties of granular metamaterials, MohrCoulomb material model was used as a model for barrier media. The following properties for MohrCoulomb model were adopted: shear modulus, G=20 MPa, density, =2000 kg/m3, Poisson’s ratio,
=0.25. As the associative flow is adopted, angles  =  are equal. Figure 3 plots the received

protection factor as a function of angle 𝜑. Cohesion c in this case is equal to 625 kPa, but this value
does not have any significant meaning as that should be scaled with the amplitude of the load P(t).

Figure 3. Barrier protection factor as a function of angle 𝜑. Angle is measured in radians. Cohesion,
c=625 kPa.
As follows from figure 3, there exist an optimal value for friction angles. For small (less than
5 degrees) angles protection factors can attain values of 2.7-2.8 significantly outperforming the
protection of linear elastic barriers. For larger values of friction angle 𝜑 the barrier behavior is getting
closer to elastic material as it gets more difficult for plasticity to onset. For very small values of angle
𝜑, the plasticity is getting very easy to onset and dissipation of energy into this plastic deformation is
decreasing. The interplay of these two processes is determining the exitance of optimal value for
friction angles.
The effect of cohesion value on the barrier protection factor was also studied. Figure 4 is giving
attained protection factors as a function of cohesion value for three different values of friction angle
𝜑. Cohesion is measured in kPa, but once again it should be noted that the cohesion value does not
have a significant meaning as that should be scaled with the amplitude of the load P(t).

Figure 4. Barrier protection factor as a function of cohesion value. Cohesion is measured in KPa.
As evident from figure 4, for every of the three studied friction angle values there exists an optimal
value of cohesion (that is obviously also a function of the load amplitude). Large cohesion values are
making plastic deformation of the barrier material more difficult to onset, making material behavior
more linear-elastic. Very small cohesion values are resulting in exiguous resistance to shear, resulting
in loss of energy dissipation into plastic deformation. The interplay between these two processes is
determining the exitance of optimal cohesion value. As demonstrated by the simulation, material
following the Mohr – Coulomb model can significantly outperform linear elastic materials in terms
of vibration protection properties. It should be noted, that linear-elastic barrier behaviour can be
received as a limit for large cohesion values in Mohr-Coulomb material model. It was checked (see
ex. figure 5) that for larger cohesion stresses the received protection factor is monotonously
decreasing, reaching the value that is received for exact linear-elastic equivalent (i.e., with the same
elastic properties).

Figure 5. Barrier protection factor as a function of cohesion value. Cohesion is measured in KPa.
Friction angle 𝜑 =1 deg.

3. Conclusions
The presented review of the most frequently used mechanical models for metamaterials in seismic
protective barriers and pads, reveals several principally different approaches based on (a) hyperelastic
potentials allowing modelling the experimentally observed bi-modularity of granular metamaterials
at compression and decompression phases, but incapable of modelling hysteretic behaviour; (b)
hypoelastic models, that are even more general then hyperelastic ones, but exhibiting the same
shortcoming related to the principle incapability of modelling the hysteretic behaviour; (c) models
based on hydrodynamic equations along with discrete element methods (DEM) and smoothed particle
hydrodynamic (SPH) methods, as the performed review shows, these methods are potentially
applicable for modelling hysteretic behaviour by considering either intrinsic viscosity (hydrodynamic
models and SPH) or dry friction between particles (DEM), however, currently they are incapable of
accounting different elastic moduli at compression and decompression phases; (d) elastic-plastic
models are apparently the best suited to encounter both bi-modularity, if the elastic state is modeled
by the hyperelastic potentials, and the persistent material yield, observed at the stress level exceeding
the internal cohesion.

Considering one of the most frequently used elastic-plastic models, the Mohr – Coulomb
plasticity, it should be noted that the performed numerical analysis reveals momentous potential of
granular metamaterials as a filling for seismic barriers. It is demonstrated that the material following
the Mohr – Coulomb model can significantly outperform any linear elastic material in terms of
reduction of vibrations induced by a seismic source or remote dynamic loading. The analyzed effect
of cohesion and friction angles reveals a possibility for prediction of optimal granular metamaterial
properties, ensuring maximum possible protection, based on the expected pattern of a seismic or a
vibration load.
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